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??
?????, ??????????????????????, ??????????
????????????. ????????????, ??????????????
????????????????????????, ??????????????.
??, ??????????????? 1????, ????????????????
????????????????????. ???, ???????????????
???????????????????????. ?????????, ??????
????????????.
????? ([18],[19],[20])????????????,???????????????
??????????????, ????????????????????????,
????????????, ??????????????????, ????????
??????????????.
?? ([1])?, ?????????????????????, ???????????
?????????????????, ??????????????????????
??????????????????????????. ???, ?????????
????, ????????????, ??????????????????????
???????????????, ????????????????????????
??????????????????. ???, ????????????, ????
??????????????????????????????????????. ?
?, ???????????????, ??????????????????????
????????????????????????????. ?? ([17])?, ????
???????????????????????????????????????
???????.
????????, ??????????????????????????????
???????, ??????????, ?????????????????????
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????????. ??, ????????????????????????????
??, ??????????, ??????????????????????????.
???, ????????????????, ??????????????????
????????????????????. ???, ?????????????, ?
?????????????????????, ??????????????????
??????. ????????????????????, ????????????
???????, ?????, ????????????????????. ???, ??
????????????????????????, ???????????????
?????.
?????, ? I???????????????????, ? II?????????
?????????????????. ?????????.
? I???, ???????????????. ????????????, ?????
??????????????????. ??????, ?????????????, ?
??????????????????????????????? ([21]).
?????????????????????? 1????, LLL?????????
??? (LLL Lattice basis reduction algorithm)???. ??????????1982??,
A.K.Lenstra, H.W.Lenstra, Jr., and L.Lovasz ([15])?????????. ??????
?????????? (reduced basis)?????????, ???????????, ?
?????????????????????????. ???,??????????
?????????????. ?????, ????????????, ????????
??????. ??????, ????????????????. ???, ??????
????????????????.
Lenstra, et al. ???????????????????, ??????Rn ????,
?????Z???????????, H.Napias ([22])?,??????????????
??????????????.
?????, H.Napias?????????, LLL??????????, ??????
F ????????OF ?????????????. ????, ??????????
??????????????. ?????, ?????????????, ?????
????????, ?????????????????, ??, ??????, ????
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?????????, ???????, ??????????????????????
????. ???, ???????????????, ?????????Q(p 1)??
??????????????????????.
???, ??????????????????????. ??, ? I???????
??, ???????. Z;Q;R;C ?????, ?????, ????, ???, ?????
??.
? 1???, ? 2???? 4??????????????????????. K??,
V ? n?? K-????????, R?K?????????, ?????? V ????,
?R?????????. ??, ??????????????????.
? 2???, ?R?Z???????????, LLL???????????. ??, ?
R?????????? Z?????. Minkowski????? LLL?????????
???. Minkowski????????, ???????????????????, ??
??????????????. ????, ?????????????, ??????
???????????. ???, ??????????????????????. ?
???????? LLL?????, ?????????????????, ??????
???????????????, ???????????????????? 1???
?. ???????. LLL????????????????????.
? 3???, ?????? F ???????OF ???????????. ?????
????????, OF ???? 0???????, ??OF -??????? 0?????
?????????. ???????, ????? 0???????????????. ?
????, ????? 2???????. 1??, ??????????????????
? ([3])???. ?? 1??, ???????????????.
? 4???, ???? F = Q(pm), m < 0???????OF ???, OF -?????
? LLL???????????. ??OF -??????, LLL?????????, ??
???????????? ([3]). ???, ???????????????, ?????
?Q(p 1)????????????????, ? LLL??????????????
?????? ([5]). ???, ??? LLL????????, ?????????????
???????????????? ([6]).
? 5???, ??????????, ??????????????????????
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???, ????????????????.
? II???, 2????????????. ?????????? [14], [16]?????
????. ????????, ?????, ????????????????????
??????????, 3????????????????????????????
????. ???, ????????, ??????????????????????,
?????????????????????????. ??, ???????????
?????????????????????????. ??????????????
???, ??????, ??????????, ???????, ???????????
????????????. ??, ? II?????????, ???????.
? 6???, ???????????????????. ??, ???????????
???????????????????. ?????, ??????????????
????, ????????, ?????????????????, ??, ??????
????????????????????.
? 7???, ??????????????????????????, ??????
??????. ?????????????, 0; 1; 2;1????????????. ??,
????????????? 3????????, ?????????????????
??. ??????????????????????????????. ????, ?
??? n??????????, ????????, n???????????????
???????. ???? 3????????????????????????, ??
???????????, ????????????????????????????
??, ???????????????. ??, ??????????????????
??????????????????????????????????????.
? 8???, ??????????????. ??????????????????
?????, ????????????. ?????????, ???????????
????????????????????????????.
? 9???, ??????? 3?????????????, ?????Carmichael?
??????, ?????????????????????????????????
?????. ??????????????????????????, ???????
???????????. ????????????????????, ???????
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???????????????????????????.
? 10???, ????????????????????????????????
???????????. ???????, ?????????????? 3?????,
?????????, ???????????? 3?????????????????
??????????. ??, ??????????????????????? 2??
???.
???, ???????????????????. ?????????, ?????
?????????????????????. ???, ??????????????
?????????????????, ??????????????????, ???
???????????????????. ??????????????, ?????
????????????????????????????????????????
????????.
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?I?
???????????????
?1? ?????
?????, ??????????????????. ?????, ????????
?, ??????????. ?????????????????????.
1.1 ???????????
K?????C????, R?K?????????.
?? 1.1 ?? V ???????????, V ?K???????? (vector space)?
??.
(I) x;y 2 V ?????????????? (???x + y???) ????, ?????
????.
(1) (x+ y) + z = x+ (y + z),
(2) x+ y = y + x,
(3) ?????????????? (???0?????)??? 1????,
V ?????? x????, 0+ x = x?????,
(4) V ????? x???, x+ x0 = 0??? V ?? x0??? 1?????.
??? x?????????,  x???.?
(II) V ????? x????K?? a???, x? a???????? 1?? V ??
(??? ax???)????, ?????????.
(5) (a+ b)x = ax+ bx,
(6) a(x+ y) = ax+ ay,
(7) (ab)x = a(bx),
(8) 1x = x:
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?? 1.2 K???????? V ?, ??????????, V ?K????????
?? (metric vector space)???.
x;y 2 V ????, ??????K?? (???x  y???)????, ???????.
(1) x  (y1 + y2) = x  y1 + x  y2,
(x1 + x2)  y = x1  y + x2  y,
(2) c 2 K????, (cx)  y = c(x  y); x  (cy) = c(x  y);
(3) x  y = y  x,
(4) x  x ? 0??????????, x  x = 0?????, x = 0??????.
??, V ?K?? n?????????????.
?? 1.3 1????, ?????????????G?? (group)?????, ?? 3
?????????????????.
(1) ???? : (ab)c = a(bc),
(2) ?????? : G?? 1?; G????? x???? 1x = x1 = x??????
?????,
(3) ????? : G????? a???? aa 1 = a 1a = 1????? a 1 2 G
?????.
?G????, ???????
(4) ???? : ab = ba,
??????????, G?????? (abelian group)???.
?? 1.4 ?G?????????H?, ?? 2????
(1) a; b 2 H =) ab 2 H,
(2) a 2 H =) a 1 2 H;
??????, H?G???? (subgroup)??????.
?? 1.5 ?? 1:4? 2???????????H?, ???????????.
?? 1.6 S ? G??????????, S ??????????? an11    anrn (ai 2
S; ni 2 Z) ???? G???????. ??? < S >???, S ??????????
??.
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?? 1??? a?????????
<a> = f an j n 2 Z g (1.1)
???? (cyclic group)???, a?????? (generator)???.
?? 1.7 ?G??????????, ?????????????????. ???
?G???? (additive group)???, ????????????, 0???. ??, G?
? a???? a???.
?? 1.8 R??, M ??????, ?? f : RM !M ???????????. ?
? (r;m) 2 R M ? f ????? rm???????, ?????????????M
?R-?????????.
(1) r(m+m0) = rm+ rm0;
(2) (r + r0)m = rm+ r0m;
(3) (rr0)m = r(r0m);
(4) 1m = m.
??? r; r0; 1 2 R; m;m0 2M ???.
R-????????????. R????????, R-???????R-??????
???. ????, ??R-?? (R-module)???.
???, R?????C?????????, ??????. ???, R-???, R-??
???????.
?? 1.9 M ?R-?????. ???? U = fu1;    ; ung  M ????, ?? 2??
??
(1)
nX
i=1
riui = 0 (ri 2 R) =) ri = 0 (i = 1;    ; n); (1.2)
(2) M =
X
u2U
Ru; (1.3)
??????, M ?R-???? (R-free module)???, U ?R-??????? (basis)
???. ??, U ??????M ? (R-????????)?? (rank)???.
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1.2 ??
?? 1.10 ?R-?????. ????, ? V ???????(lattice)?????,
?? V ????????????? (b1;    ; bn)?,
 = Rb1 +   +Rbn =
 nX
i=1
ribi
 ri 2 R (1  i  n)  (1.4)
????????????????. ???, 1????????? n????????
?????.
?? 1:10????, ????U = fb1;    ; bng   ????, ?? 1:9? (1.2), (1.3) ?
?????, ???????.
?? 1.11 ???R-???????.
?? 1.12 ?? ?R-?????????? (b1;    ; bn)?????????. ??,
1????????????????, ????? (rank)???, rank ???.
??, ?? ????????? B???. ??????????????????
?????. ??K = R???C???.
?? 1.13 (b1;    ; bn) 2 B ????,
d() :=
q
j det(bi  bj)j (1.5)
?????(discriminant)???. ??? ? 2????????????. det(bi  bj)
?, (i; j)??? bi, bj?????? n????????????.
??, (b1;    ; bn) 2 B???.
?? 1.14 ??????.
d() = j det(b1;    ; bn)j (1.6)
?????. ??? det(b1;    ; bn)?, b1;    ; bn????????? n???????
?????.
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?? 1.15 ?????? (?????????).
j det(b1;    ; bn)j 
nY
i=1
kbik (1.7)
???, ?? (b1;    ; bn)????????, ??? b1;    ; bn???????????
??????.
? 1.16 ?? 1:15????, (1:7)?????, b1;    ; bn ????????????.
??, ?????????????, ?????? V ??????????.
??, K = R???.
?? 1.17 (b1;    ; bn) 2 B????,
() :=
(
nX
i=1
xibi
 0  xi < 1
)
(1.8)
??????????.
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?2? ?????????????
?????, ?????????????????????????. ???????,
Minkowski ??????? LLL?????????????. ???????????
?????????. ??, A.K.Lenstra, et al.([15])??? LLL???????????
????????????????. ??????????, ????????????.
? 1??????K?R, ?R? Z???.
2.1 ?????
?? 2.1 ?? 1:10 ?????, ???????.
?Z-?? (module)???. ????, ?Rn???????(lattice)?????, ?
?Rn????????????? (b1;    ; bn)?,
 = Zb1 +   + Zbn =
 nX
i=1
ribi
 ri 2 Z (1  i  n)  (2.1)
????????????????.
? 1?????, ????????? B???. ??, 1????????? n??
???????????.
? 2.2 ? n = 2?????? 2????.?????  = Zb1+Zb2????, ????
? 2??????????????????? :
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b1
b2
b1
b2
???? b1 =
0@1
0
1A ; b2 =
0@0
1
1A ???? b1 =
0@1
0
1A ; b2 =
0@ 12p
3
2
1A
???????????????????????.
2.2 ????????
??????????? 1?, ??, ??????, ????????????????
???????????????. ????, ?????????????.
?? 2.3 n??????????? b1;    ; bn 2 Rn ????, ??????????
??????  = Zb1 +    + Zbn????, ???? 0??????????????
??????????? (shortest vector problem, SVP)???.
????????????????????????????????, ?????,
???????????????? 1???????????? ([7]). ????????
????, ?????????????????? 1???????.
2.3 ??????????
???,????????????????????.??????????????
??????, ??????????????????????????. ??????
????????, Minkowski??????? LLL???????????.
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2.3.1 Minkowski????
????????????, Rn???????????????, ?????????
????.
?? 2.4 [23; (3:18a); p191] a; b 2 Rn????,
a < b :() kak < kbk (2.2)
?????. ??? k  k???????? (???)???.
??????????, n?????????????????????????? :
?? 2.5 [23; (3:18b); p191] 2???? (a1;    ;an); (b1;    ; bn) 2 B????,
(a1;    ;an) < (b1;    ; bn) :()???? j(1  j  n)????; 1  i  j   1????
??? i????; kaik = kbik ?? kajk < kbjk (2.3)
?????.
?? 2:5 ??????? "<"?, a1a2   an???????????, ????????
???????????.
?? 2.6 [23;Def(3:18c); p191] ??????????????, <????????
? Minkowski???? (Minkowski reduced basis)???.
??, Minkowski??????????M???.
? 2.7 [23; p191] Minkowski??????????????. ???, ????  2
Sn(n???????) ???? (e(1);    ; e(n)) 2MZn???. ??? ei(i = 1;    ; n)
?? i????? 1?????? 0????????????.
????, ??? 2????Minkowski?????????.
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? 2.8 (?????Minkowski????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (0; 1) ???,
M = f(b1; b2); (b1; b2); ( b1; b2); ( b1; b2); (b2; b1); (b2; b1); ( b2; b1); ( b2; b1)g
(2.4)
???.
? 2.9 (?????Minkowski????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (0; k); 1 < k ???,
M = f(b1; b2); (b1; b2); ( b1; b2); ( b1; b2)g (2.5)
???.
b1
b2
1
k
? 2.10 (?????Minkowski????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (1=2;
p
3=2) ???,
6?????? b1; b1; b2; b2; b1  b2; b2  b1?????, ?????????????
???????????, Minkowski???????.
b1
b2
b1 b2
b2 b1
 b1
 b2
Minkowski????????, ?????????????????????. ??, ?
??????.
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?? 2.11 ??????, (b1;    ; bn) 2M???
kb1k      kbnk (2.6)
?????.
?? 2.12 ????? S ????, S n f0g ????????Min S ???. ??
??
Min S := fy 2 S j y 6= 0; kyk  kxk for 8x 2 S;x 6= 0g (2.7)
???.
?? 2.13 x1;    ;xn 2 ???. ????, x1 2 Min ; xi 2 Min ( n (Zx1 +
  + Zxi 1)) (i = 2;    ; n)????, Mi := kxik2???. ???? (M1;    ;Mn)?
????? (successive minima)???.
?? 2.13????, xi (i = 1;    ; n)?, x1;    ;xi 1???????????????
?, ????????????????. ?????????????????????.
? 2.14 (?????????)  = Zb1 + Zb2; b1 = (1; 0); b2 = (0; k), 1 < k ???,
Min  = fb1; b1g ???, ?? 2:13 ???? x1? b1????, M1 = kx1k2 = 1 ??
? (x1?  b1??????).
Min (nZb1) = fb2; b2g ???, x2? b2????, M2 = kx2k2 = k2 ??? (x2? b2
??????). ????????? (1; k2)???.
? 2.15 [23; (3:31); p195] ?????????????????, ?????????
??. ???,  = Zb1+Zb2+Zb3+Zb4+Zb5; b1 = (1; 0; 0; 0; 0); b2 = (0; 1; 0; 0; 0); b3 =
(0; 0; 1; 0; 0); b4 = (0; 0; 0; 1; 0); b5 = (1=2; 1=2; 1=2; 1=2; 1=2) ???, (b1; b2; b3; b4; b5) 2
M???. ??, ????????????? x1 = b1;x2 = b2;x3 = b3;x4 = b4;x5 =
2b5 b4 b3 b2 b1 ???, M1 =    =M5 = 1???. ????, (x1;x2;x3;x4;x5) 62
B???.
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?? 2.16 (b1;    ; bn) 2 M ???. 1  r  n   1???? r?????, bi 2
Min ( n (Zb1 +    + Zbi 1))(i = 1;    ; r), x1b1 +    + xnbn 2 Min ( n (Zb1 +    +
Zbr)); d := gcd(xr+1;    ; xn) ?????, ??????.
(1) d = 1???,
br+1 2 Min ( n (Zb1 +   + Zbr)); (2.8)
(2) d 6= 1???,
Mr+1  r
3
Mr; (2.9)
??? (M1;    ;Mn)??? 2:13?????????????.
???? 2:16??, ???????.
?? 2.17 1  n  3???, (b1;    ; bn) 2 M ???, bi 2 Min ( n (Zb1 +    +
Zbi 1))(i = 1;    ; n) ???.
?? 2.18 b1 2 Min ; bi 2 Min ( n (Zb1 +    + Zbi 1)) (i = 2;    ; n) ??
(b1;    ; bn) 2 B ??? (b1;    ; bn) 2M???.
?? (b1;    ; bn) 62 M??????, (c1;    ; cn) 2M?,
(c1;    ; cn) < (b1;    ; bn) (2.10)
??????????. ???? kcjk = kbjk (j = 1;    ; n)??????, ??????
????, (2.10)??????????.
(2.10)??, kc1k  kb1k???. ?? b1 2 Min ??? kb1k  kc1k???. ???
kc1k = kb1k???.
??, k > 1???? kcik = kbik (i = 1;    ; k   1)???????, kckk = kbkk ??
?????????. (2.10)??, kckk  kbkk???. ?? kckk < kbkk ????,
bk 2 Min ( n (Zb1 +   + Zbk 1)) (2.11)
??, ck 2 Zb1 +   + Zbk 1???.
??, c1;    ; ck 2 Zb1 +    + Zbk 1 ????, ???????, c1;    ; ck ???
?????. ???, ?? r (1  r < k) ???? cr 62 Zb1 +    + Zbk 1, ????
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cr 2 n(Zb1+  +Zbk 1)??????????. ??? (2.11)?? kbkk  kcrk???.
???, kckk < kbkk  kcrk???, kckk < kcrk???. ??, (c1;    ; cn) 2M; r < k
???, ?? 2.11 ??, kcrk  kckk???. ???, kckk < kcrk ?????. ???,
kckk = kbkk ?????.
?????, kcjk = kbjk (j = 1;    ; n) ????, ????????? (2.10)????.
???, (b1;    ; bn) 2M ???.
2.3.2 LLL????
?? 2:6????, ???Minkowski??????, 2????????, ??????
?????????????????????, ????????????????. ?
???, ?????????????, ?????????????????. ???, ?
?????????????????????. ???????? LLL?????, ??
???????????????. ?????, ??????????????????
??????????, A.K.Lenstra, et al.?????????. ??????, ???
??????????, ?????????????????????????????
([15]).
?? 2.19  = Zb1 +   + Zbn???. ??? (b1;    ; bn)????,
bi := bi  
i 1X
j=1
ijb

j ; ij :=
bi  bj
bj  bj
(1  j < i  n) (2.12)
???? (Gram-Schmidt?????).
? 2.20 ?? 2:19 ????, n = 2??? b1; b2?, n = 3??? b1; b2; b3?, ???
???????????.
b1 = b1
21b

1
31b

1
b2
b2
32b

2
b3
b3
b1 = b1
21b

1
b2b

2
21
?? 2.21  = Zb1 +   + Zbn???. ??? (b1;    ; bn)? LLL???????
??, ?? 2:19????, ???????????? b1;    ; bn??????????? :
jijj  1
2
(1  j < i  n); (2.13)
kbi + i;i 1bi 1k2 
3
4
kbi 1k2: (2.14)
??, ? LLL??????????L???.
? 2.22 [23; p200] ?? 2:21?? (2:14) ?????? 3
4
?, 1
4
<  < 1 ??????
?????????????. ????, ???????? 2:28 ??????????
??????????.
?? ????? LLL????????????????, ???????????
???????.
? 2.23 n = 2 ????? 2:21???????????
(2:13)??????
j21j  1
2
; (2.15)
(2:14)??????, ?? 2:19 (Gram-Schmidt?????)?? b1 = b1; b2 = b2  
21b

1 = b2   21b1?????, b2 + 21b1 = (b2   21b1) + 21b1 = b2???. ???
kb2k2  3
4
kb1k2; ???? kb2k 
p
3
2
kb1k (2.16)
???. (2:15); (2:16)???, ???? (b1; b2)????, b1? b2??????????
???. b2???????????????????????.
p
3
2
kb1k
b1
b2
n = 2???? b2???????
22
???????, ??????????????????. ????, ???????
?????.
? 2.24 (????? LLL????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (0; 1) ???,
L = f(b1; b2); (b1; b2); ( b1; b2); ( b1; b2); (b2; b1); (b2; b1); ( b2; b1); ( b2; b1)g
(2.17)
???. ???, M = L???.
? 2.25 (????? LLL????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (0; k); 1 < k ???,
(1) k  2p
3
???,
L = f(b1; b2); (b1; b2); ( b1; b2); ( b1; b2); (b2; b1); (b2; b1); ( b2; b1); ( b2; b1)g
(2.18)
???. ???, M ( L ???.
(2) 2p
3
< k ???,
L = f(b1; b2); (b1; b2); ( b1; b2); ( b1; b2)g (2.19)
???. ???, M = L ???.
b1
b2
1
k
Minkowski????? LLL???????????, rank  = 2?????????
?????.
?? 2.26 rank  = 2???, ??????.
M  L: (2.20)
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?? (b1; b2) 2 B???. ????, ?? 2:17??? 2:18???,
(b1; b2) 2M () b1 2 Min ; b2 2 Min ( n Zb1) (2.21)
???. ??, b1 2 Min ; b2 2 Min ( n Zb1)???, (2.15) ????????????
???.
21 >
1
2
?? b1 2 Min ???, kb2   b1k2 < kb2k2 ???, b2 62 Min ( n Zb1)
???. ??, 21 <  12 ?? b1 2 Min ???, ??? kb1 + b2k2 < kb2k2 ???,
b2 62 Min ( n Zb1) ???. ???, j21j  12 ?????.
(2.16)????????????, ?? 2.11??, (b1; b2) 2M???, kb1k2  kb2k2
???, 3
4
kb1k2  kb2k2 ?????.
??, ????????????, ??????????, ?????????. ?
????????, ?????, 0???????? Z?????????? 1????
???, ????, ??????????????????.
?? 2.27 [15; p518]
(b1;    ; bn) 2 B???. ??, bi (i = 1; 2;    ; n) ??? 2:19??????????.
????, 0 6= 8x 2  ????,
kxk2  kbi k2 for 9i  n: (2.22)
??? i? x =Pnj=1 rjbj (rj 2 Z)???????, rj 6= 0??????? j???.
??, LLL?????????????????????????.
?? 2.28 [15; p517  518] (b1;    ; bn) 2 L???. ??, bi (i = 1; 2;    ; n); ij ?
?? 2:19??????????. ?????????? :
(1) kbjk2  2i 1kbi k2 (1  j  i  n); (2.23)
(2) d() 
nY
i=1
kbik  2
n(n 1)
4 d(); (2.24)
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(3) kb1k  2n 14 d() 1n ; (2.25)
(4) kb1k2  2n 1kxk2 for 8x 2 ; x 6= 0; (2.26)
(5) kbjk2  2n 1maxfkx1k2;    ; kxtk2g (1  j  t  n ?; x1;    ;xt ?????):
(2.27)
???, ???? 2.28?????, rank  = 2????????? LLL??????
????.
? 2.29 (????? LLL????)
 = Zb1 + Zb2; b1 = (1; 0); b2 = (1=2;
p
3=2) ???,
6?????? b1; b1; b2; b2; b1  b2; b2  b1?????, ?????????????
???????????, LLL???????. ???, M = L???.
b1
b2
b1 b2
b2 b1
 b1
 b2
? ???LLL????? (x1;x2)???. d() =
p
3
2
???,??2:28(3)??, x1 >
4p6p
2
???, (x1;x2) 62  ???. 1 < 4
p
6p
2
<
p
3 ??, x1????, b1;b2;(b1   b2)?
??.
b1
b2
b1 b2
 b1
 b2
b2 b1
p
3
?? kb1k = 1 ??????, ?? 2:28(2)??, x2 >
p
6
2
???, (x1;x2) 62  ???.
???, x2????????
p
6
2
??????????, b1;b2;(b1   b2)???.
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???? 6????????, x1 2 Min ;x2 2 Min ( nZb1) ?????????, ?
???? (x1;x2) 2 B ?????, ?? 2.18?? (x1;x2) 2 M???. rank  = 2?
??, ?? 2.26??, M  L????, ???? 6????????? LLL????
???????, M = L???.
2.4 ??????????
A.K.Lenstra, et al.??? LLL????????????????????. ????
??????????? [15]????????. ??, ?????????, ?????
??????????.
?? 2.30 ??????????, ???????????, ???????????
?? ???????. ??, ?????????, ????????????, ?????
????????????????????.
???????????? [23]???????????.
?????? ij, ??????Rn?????????? bi ? (2.12)???????.
????, LLL-??????????????. ??????????????????
n???. ??????m = 2???. m > n ???, ??????????. ????
?????????? 3????:
(Step Am) m;m 1 ??? jm;m 1j  12 ????????. ?? jm;m 1j > 12 ???,
bm   fm;m 1gbm 1????? bm???. ??? fxg??? x???????Z???
??. x+ 1
2
2 Z????, fxg?x+ 1
2
??? (x  1
2
????). ????, m;m 1 fm;m 1g
????? m;m 1???, jm;m 1j  12 ?????????. ???? bi ??????
???.
(Step Bm) i = m????, (2.14)???????? (Step Cm)???. ???????,
bm 1 ? bm??????. m > 2???? (Step Am 1)?, m = 2???? (Step A2)?
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??.
(Step Cm) ((Step Am)????) j = m  2;m  3;    ; 1????, mj ??? jmjj  12
????????. ???, (Step Am+1)???. m+ 1 > n?????????????
?.
??????????, bi ??????????????. ?????? 2? kbik2 =
bi  bi ???????. ?????????????????????.
Di := det(b  b)1;i (1  i  n) (2.28)
?, d()2(= Dn)???????, ??,
D :=
n 1Y
j=1
Dj (2.29)
???. (1:5); (2:12)????,
Di =
iY
j=1
kbjk2 (1  i  n) (2.30)
???. (Step Bm)????, bm 1? bm????????, ??????Di?????
?????, Dm 1??? 34 ?????. ???, D??? 34 ?????. ???, Di?
??,
Si := (3=4)
i(i 1)=2 m()i (2.31)
m() := min
 kxk2  x 2 ;x 6= 0 	 ; (2.32)
???. ????, ??????,
Di  Si > 0 (1  i  n): (2.33)
???, ????????????????????.
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?3? ?????????????
????, ???????????????????????. ? 1????????
?, ? 2?????????????????????????. ??????????
???????????.
? 3???, ????????????. ????????????????????
??????, ???????????????. ????, ??????F ????, ?
??? 0????????????OF ?, ?????Z??????????????
????????????. ????? 2?????. 1??, ????????????
??????? ([3])???. ?? 1??, ???????????????.
3.1 ???
?? 3.1  2 C??????????, ????????????, ???????
a0(6= 0); a1;    ; am 2 Q????
a0
m + a1
m 1 +   + am = 0 (3.1)
???????, ????? (algebraic number)??????.
?? 3.2 1?????? ????, ?????Q??????????????
???, ??????, ?????? 1?????? ? (Q??)????? (minimal
polynomial)???. ????????? n???, ? n?????? (???? n)?
??.
?? 3.3 ???????????
???????? (?????????) (algebraic
number eld)???. ??? F ?Q?????????????, ?????????
??? F ?????????????, ??????????????????. ??
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?????, dimQ F = n < 1 ???, F ? n????? (??; F ???? n)???,
[F : Q] = n???. ???, F ? Q????????????? F ? (Q?? )??
(basis) ???.
??, ??????, ?????????????????????.
?? 3.4 2?????, 3????????????? (quadratic eld), ??? (cubic
eld)???.
?? 3.5  2 
 ?????, ????C?????, ??????????Q()?
??, ????Q? ???????????????.
?? 3.6  2 
 ?????, ???? n???, Q()? n????????.
?? 3.7 ????????? F ?, ????Q? 1?????? ????????
?. ????, ?????? F ????  2 
???? F = Q()???.
?? 3.8 ?? 3:7 ???? ? F ???? (primitive element)???.
?? 3.9 n???? F = Q()????, F  R???, F ????? (real algebraic
eld) ???. ??, F 6 R???, F ????? (imaginary algebraic eld)????
??.
?? 3.10 2??????????? (real quadratic eld), ????????? (imag-
inary quadratic eld)???.
?? 3.11 n????F = Q()????, F ????????????  2 R???
????????.
3.2 ???
?????????????, ?????????????.
?? 3.12 ! 2 C???????????????? 1?????????????,
!?????? (algebraic integer)??????.
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?? 3.13 ???????????  ???. ??? F ?????????????
?????OF :=   \ F ? F ???????. OF ??? F ??? (integer)???.
?? 3.14 OF ? F ???????, OF \Q = Z???.
?? 3.15 F ? n????????, F ????OF ? n?????????????
?. ????, F ? n???? f!1;    ; !ng  OF ????,
c1!1 +   + cn!n = 0 (ci 2 Z) =) c1 =    = cn = 0; (3.2)
???, ???
OF = Z!1 +   + Z!n =
 nX
i=1
ci!i
 ci 2 Z; !i 2 OF (1  i  n)  (3.3)
???.
?? 3.16 n???? F ????OF ?????????????? !1;    ; !n? F
???? (integral basis)???.
3.3 ???????
??? F ????OF ?????????, F ??????????? 2??????
?? 2??????????. ??????? [25], [26]??????. 2????, F ?
?????????????????, ?????????????. F ???????
??, ???Z???? 1????????????. F ????????, ???OF ?
????????????????.
1???, ??????????????????????, ?? 1?????????
?????????.
3.3.1 ???????????????????
?? 3.17 [3;Lemma 4:1] ;  2 R??, ; ???, ????? 1????????
???. ????, ??????? 3?? (x; y; z)?, jx  zj < 1=pz, jy   zj < 1=pz
???????????.
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?? ???????? k???, ??????????.
0(; ); 1(; ); 2(; );    ; k2(; ); (3.4)
??? n(; ) = (n; n)???. ????????, ?????? (mi; ni)?, ????
?? (fi; gi) (i = 0; 1;    ; k2)??????, ????????.
0(; ) = (m0; n0) + (f0; g0), (m0; n0) = (0; 0) ?? (f0; g0) = (0; 0),
1(; ) = (m1; n1) + (f1; g1), (m1; n1) 2 Z2, 0  f1 < 1 ?? 0  g1 < 1,
2(; ) = (m2; n2) + (f2; g2), (m2; n2) 2 Z2, 0  f2 < 1 ?? 0  g2 < 1,
        
k2(; ) = (mk2 ; nk2) + (fk2 ; gk2) , (mk2 ; nk2) 2 Z2, 0  fk2 < 1 ?? 0  gk2 < 1.
k2 + 1?????, (f0; g0); (f1; g1);    ; (fk2 ; gk2)????R2??, ?? [0; 1) [0; 1)
??????. ???, ?????????? k2??????????.
?? (1; 1) : [0; 1=k) [0; 1=k),
        
?? (i; j) : [(i  1)=k; i=k) [(j   1)=k; j=k),
        
?? (k; k) : [(k   1)=k; 1) [(k   1)=k; 1),?
k2 + 1?????? k2 ???????????, ?????, ????????? 2
??????????. ?? 2??????, (fp; gp); (fq; gq) (p < q)???. ????,
jfp   fqj < 1=k , jgp   gqj < 1=k???. ??, p(; ) = (mp; np) + (fp; gp), q(; ) =
(mq; nq)+(fq; gq)???,??? j(q p) (mq mp)j < 1=k, j(q p) (nq np)j < 1=k
???. ???, z := q   p, x := mq   mp, y := nq   np ????, x; y; z 2 Z???,
jx  zj < 1=k, jy  zj < 1=k???. ?????, ??? k ?????????, ???
x? z?????????. ????, x ? z ??????,  2 R nQ ????, ???
jx  zj < 1=k ? k?????????????????????. ???, 0  p; q  k2
???, ??? 0 < z = q   p  k2, ??? 1=k < 1=pz ???.
31
?? 3.18 [3;Proposition 4:2] OF 6 R??, ?? n? 3?????. ??????
 2 R????, z 2 OF ; z 6= 0 ?, jzj <  ??????????.
?? ?? n = 3??, OF = Za + Zb + Ze???????. ???? C? R?? 2
???????????,? ;  2 R?, e = a+ b???????????. ???,
; ???????? 1????????. ???? 3:17??, 0????? p; q; r ?
jp + qj < =(kak + kbk), jp + qj < =(kak + kbk) ??????????. ????,
??? kpe+ qa+ rbk = k(p+ q)a+ (p + r)bk  j(p+ q)jkak+ j(p + r)jkbk <  ?
??.
?????, ???????.
?? 3.19 [3;Proposition 4:3] OF  R??, ?? n? 2?????. ??????
 2 R????, z 2 OF ; z 6= 0 ?, jzj <  ??????????.
?????, ???????.
?? 3.20 [3;Theorem 4:4] ??? F ???????OF ?????????, F ??
????????????????.
3.3.2 ????????????
?? 2?????????. ???????????????????, ??????
????????????. ??, F ?????, ????, F  R???????OF ?
??????.
?? 3.21 G???????. ?G???? (accumulation point)?????, ??
? " > 0????, ? "-???
U"() :=

a 2 G
 ja  j < " (3.5)
????,
U"() \G 6= f0g (3.6)
????????.
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?? 3.22 G;G0??????, G  G0???. G?G0??? (dense)?????, ?
??  2 G0, " > 0 ????,
(   ";  + ") \G 6= ; (3.7)
????????.
?? 3.23 G 6= f0g????R???????. ????, G?R?????????
??.
?? a := inffg 2 G j g > 0g???. fg 2 G j g > 0g 6= ; ???, 0  a <1 ???.
?? a 62 G???, ??? " > 0????, g 2 G ? a < g < a + "????????
???. ??????, g0 2 G? a < g0 < g < a + "???????????. ???,
h" := g   g0 ????, h" 2 G???, 0 < h" < "????.
??, [">0fz  h" j z 2 Zg ?R?????????????, ???G???????
?. ??? b 2 R????, ??? (b  "; b+ ") ?????, ????? 2"??????.
???, ?????? z  h" ?????????. ????, ???? 2???? "???
???????. ???, G ?R???????.
a 2 G ?? a = 0 ???, ?????G?R???????????????.
a 2 G ?? a > 0 ???, a 2 fg 2 G j g > 0g ???, a = minfg 2 G j g > 0g ???.
????, G = aZ ???G????? a???, G???????.
?? 3.24 G????R?????????, ??????.
(1) 0?G???????, G?R??????.
(2) 0?G?????????, s 2 G? G = fns j n 2 Zg??????????.
?? 3:19??, ??? F ????OF  R????????, 0?OF ???????
??????. ???, ?? 3:24 (1) ??, ???????.
?? 3.25 G = OF  R??, ?? n? 2?????. ????, G?R??????.
?? F ?????, ????, F 6 R???????OF ???????. ???OF
???? 2???, ????? 2?????????????????????????.
??? F ???????????. OF ???? 3???????????????.
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?? 3.26 [????????????????] Rn?????????, ??????.
?? 3.27 G( C)? Z-??????, ?? n? 3?????. ????, 0?C?G
???????.
?? ????, G? rank 3??? Z-?? S???. S = Za1 + Za2 + Za3???. ?
?? a1;a2;a3 2 C???.
a1;a2;a3??? 2?, ??? a1? a2?R???????????. ???, Ra1?R
???????, ?? 3.23????Ra1????Za1+Za2??????, ??????
????????????.
?? a1;a2;a3 ? R???????????. ????, a1 ? a2 ????????
?????? Za3????????????, ??????????????????
Za1 + Za2 + Za3????????????. ???????, ???????????
Za1+Za2+Za3???????. ?????? b?????, b?????,?? "2???
?, Za1+Za2+Za3??????????. ???????2??, e = e1a1+e2a2+e3a3,
f = f1a1 + f2a2 + f3a3, ????, ke   fk  ke   bk + kb   fk < "2 + "2 = " ???,
e  f 6= 0, e  f 2 Za1 + Za2 + Za3???. " ????????, ????? b = 0?
????????. ???, 0?C?G???????????????.
? 3.28 G = OF ??? n  3? F ???????. ????, 0?C???????
??.
G??? 3? Z-???????, G?C???????????????. ???, ?
?????????.
?? 3.29 A?C????????. b 2 C, ??? " > 0????, U"(b) \ A 6= ; ?
????, b?A??? (point of osculation)???. A????????A ?A???
(closure)???.
?? 3.30 A  C?, ??? x 2 A????? " > 0????? U"(x)  A ????
?, C???? (open set)???.
?? 3.31 A  C?, A = A ??????, C???? (closed set)???.
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?? 3.32 A;B;X 2 C????,
X = A [B; A \B = ; (3.8)
???, X?A;B??? (direct sum)??????,
X = A

+ B (3.9)
???.
?? 3.33 C???? U ?, ???? 2???????????????, ?? (con-
nection)???. ??, C????F ?, ???? 2???????????????, ?
???????.
?? 3.34 A( C)??? x???, x???A????????????C? x??
?A????? (connected component)???.
????????, ???????.
?? 3.35 G? C????? Z-?????, rank n = 3, G 6 R ???. 0???G
???G?????????????????????, 2?? 0??? b1; b2 2 G ?
 2 R nQ ?, b1 = b2???????????????????.
?? 0???G???????????????????. ????, G\ `?????
???, G\`???? `???. G = Za1+Za2+Za3???, x = x1a1+x2a2+x3a3;x0 =
x01a1 + x
0
2a2 + x
0
3a3 ? 2????? 0???G \ `?????. a1; a2; a3?Z????
????, ?? x 2 Qx0 ???, x1 : x2 : x3 = x01 : x02 : x03???. ???, x1; x2; x3??
????? d???. ??, G \ `  Qx ???G \ ` = Z(1=d)x???. ????, G \ `
???????????????. ??? G\ ` 6 Qx???. ` = Rx ???,  2 R nQ
? b1 = x 2 G \ `??????????.
??, 2?? 0???? b1; b2 2 G ?  2 R n Q?, b1 = b2 ???????????
????. F ?G??????. ????, ?? a 2 G???, F = Qb1 +Qb2 +Qa ?
?????????. ???, ??? n?G  Z(1=n)b1 + Z(1=n)b2 + Z(1=n)a????
??????. 0??? Z(1=n)b1 + Z(1=n)b2 + Z(1=n)a???????????Rb1?
????????. ???, 0???G?????????????Rb1???.
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? 3.36 G = OF ? rank n = 3, OF 6 R ???????. 0???G???G??
???????????????????, 2?? 0??? b1; b2 2 G?  2 R n Q ?,
b1 = b2???????????????????.
?? 3.37 G?C????? Z-?????, rank n = 3, G 6 R ???. ????, G
???G?C?????????????, ??? 2??0???b1; b2 2 G ?  2 RnQ
????, b1 6= b2??????????.
?? G = Za1 + Za2 + Za3???. 2?? 0??? b1; b2 2 G?,  2 R n Q ?
b1 = b2?????????????????. ????, ?? 3.35??, C?G???
G????????????????. ???, G 6= C???.
??, ??? 0??? 2??? b1; b2 2 G ???, ???  2 R nQ????, b1 6= b2
????????. ??, ??? a 2 C ?????? " > 0????, U"(a) := fx 2
C j ka xk < "g???. ????,?? x = x1a1+x2a2+x3a3; x0 = x01a1+x02a2+x03a3 2
U"(a) \ G ? x 2 Rx0 ??????, x1 : x2 : x3 = x01 : x02 : x03 ???. ???,
x 2 U"(a)\G ????, fx0 2 U"(a)\G j x 2 Rx0g ????????. ?? 3.27???
?0?C?G?????????, 0????u1;u2 2 U"=2(0)\G?u1 62 Ru2 ????
??????. ??? (Zu1+Zu2)\U"(a) 6= ;, (Zu1+Zu2)  G ???, G\U"(a) 6= ;
???.
? 3.38 G = OF ? rank n = 3, OF 6 R ???????. ????, G???G?C
?????????????, ??? 2?? 0??? b1; b2 2 G ?  2 R n Q ????,
b1 6= b2??????????.
??, G = Zi+Zp2+Zp3(1 + i) ???. ????, ??? 2??? b1; b2 2 G???
???  2 R nQ ????, b1 6= b2 ?????????. ???, ????.
? 3.39 G = Zi+ Zp2 + Zp3(1 + i) ???. ????, C??G = C???.
???, ?????? F ???????OF ???????????. ?? 3.20 ??,
OF ?????????, F ?????????????????????????.
????, F ?????????????, ?????????????.
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?4? ??????????????
????, ??????????????????????????????????.
? 1???, ?????????????????????. ????????????
???????. ??????????????????. ? 2???, ???????
??????. ?????????????????????????????????
????. ? 3???, ?????????????????????????????
??. ????????????, ????????????????????. ? 4?
??, ??? ([3])???????? LLL??????????????. ? 5???, ?
????????????????????????, ??????????, ????
?????????????????????. ????????? ([5])??????
?????.
? 1??????K? F (??????), ?R?OF (F ????) ???.
4.1 ????????????
?? 4.1 ?? 3:4????????? F ?, ????????????m 2 Z;m 6= 0
????,
F = Q(
p
m) (4.1)
????. ???Q(pm) = fa+ bpm j a; b 2 Qg???.
?? 4.2 ?? 4:1 ????, m > 0???, F ??? 3:10 ????????????
?. ?? m < 0???, F ????????.
?? 4.3 F ??????, ??????OF ???. ???? OF ?, m??????
????????.
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(i) m  2; 3 (mod 4)???,
OF = fa+ b
p
m j a; b 2 Zg; (4.2)
(ii) m  1 (mod 4)???,
OF =

a+ b
p
m
2
 a; b 2 Z; a  b (mod 2) : (4.3)
4.2 OF -?????
F ?????, OF ? F ????, V ? F ?? n?????????.
?? 4.4 ?OF -?? (module)???. ????, ? F n???????(lattice)
?????, ?? F n????????????? (b1;    ; bn)?,
 = OFb1 +   +OFbn =
 nX
i=1
ribi
 ri 2 OF (1  i  n)  (4.4)
????????????????.
4.3 ?????????
?????? F ????, F  C???, ????????????????????
?????.
?? 4.5 z 2 F ????, z = x+ yi (x; y 2 R) ???. ???? z???? (absolute
value)jzj?
jzj =
p
x2 + y2 (4.5)
????????.
?? 4.6 z 2 F ????,
jzj2 = jzj2 = z  z (4.6)
?????.
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?? 4.7 a; b 2 F n ???. ???, a = (a1;    ; an); b = (b1;    ; bn) ?????, ?
? a  b?
a  b = a1b1 +   + anbn (4.7)
?????. ??? a  b 2 C???. ?? a; b 2 Rn (?????????,
a  b = a1b1 +   + anbn (4.8)
???. ?????????????, ????????????????, ??????
??????????.
?????????????, ?? 1.2???? (1)-(4)??????????.
?? 4.8 x 2 F n ????, xx????????? x???? (norm)???, kxk?
???. ????,
kxk = px  x (4.9)
???.
?? 4.9 ?? 4:8? ? (4:9) ??,
kxk2 = x  x = jx1j2 +   + jxnj2 (4.10)
?????. ???, xi(2 F ) ? x?? i?????.
4.4 LLL ????
??, ? 2??????? LLL?????, F ??????????????????
?. ?? 2.19?????, ???????.
?? 4.10 (b1;    ; bn) 2 B????,
bi := bi  
i 1X
j=1
ijb

j ; ij :=
bi  bj
bj  bj
(1  j < i  n) (4.11)
??? (Gram-Schmidt?????). ???, ?????????????? (?? 4:7?
? (4:7))???????, ij 2 C???.
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? 4.11 b1 = (i; 0; 1); b2 = (1; i; 0); b3 = (0; 1; i) (b1; b2; b3 2 Q(i)) ???
?, b1; b2; b3 ?????,
b1 = (i; 0; 1) ; b

2 =

1
2
; i;
i
2

; b3 =

1  i
3
;   1 + i
3
;
1 + i
3

(4.12)
???.
??, ?? 2.21????????,
?? 4.12 [3] (b1;    ; bn) 2 B?? LLL?????????, ?? 4:10????,
???????????? b1;    ; bn??????????? :
jijj  1
2
(1  j < i  n); (4.13)
kbi + i;i 1bi 1k2 
3
4
kbi 1k2: (4.14)
? 2?????, ??, ? LLL-reduced basis??? L ???.
?? 4.13 [3;Lemma 3:1] F = Q(pm); m < 0 ??? 0?????? r 2 OF ???,
jrj2  1 ???.
?? m 6 1 (mod 4)???, r = a + bpm (a; b 2 Z)????. r = a + bp mi ?
??, jrj2 = a2  mb2:???. ?? a 6= 0????, jrj2  1???. ??, b 6= 0???
?, jrj2   m  1???. ???, a 6= 0??? b 6= 0???, jrj2  1???.
m  1 (mod 4) ???, r = a+b
p
m
2
(a; b 2 Z) ????. ??? a  b (mod 2)???.
r = a+b
p mi
2
= a
2
+ b
p m
2
i ???, jrj2 = (a
2
)2 + ( b
p m
2
)2 = a
2 mb2
4
:
a 6= 0 ??? b 6= 0 ???, jrj2  1????????. m < 0; m  1 (mod 4)????
m?,  m(> 0)??????m =  3. ???? jrj2 = a2+3b2
4
???.
(i) a  b  0 (mod 2) ???, a2 + 3b2 ????? 4 (a = 2; b = 0 ???)???.
(ii) a  b  1 (mod 2) ???, a2 + 3b2 ????? 4 (a = 1; b = 1 ???) ???.
????, jrj2  a2+3b2
4
 1 ???.
?? 4.14 [3;Proposition 3:2] F ?????Q(pm)??, ??????OF ???. ?
? (b1;    ; bn) 2 B??, bi (i = 1;    ; n) ??? 4:10??????????. ???
?, 0?????? x 2  ????,
kxk2  kbi k2 (4.15)
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??? i  n?????. ???, i? x =Pnj=1 rjbj (rj 2 OF ) ???????, rj 6= 0
??????? j???.
?? ????? x????, x = Pnj=1 rjbj = Pnj=1 sjbj ????. ???, rj 2
OF ; sj 2 Q(
p
m) (j = 1;    ; n)???. i? ri 6= 0???????????. ????,
ri+1 =    = rn = 0???. ????, ri = si ??? x =
Pi
j=1 sjb

j ?????????
????.
?? 4:10? (4:11)? ??, bi = bi +
Pi 1
j=1 ijb

j ???, bj (j = 1; 2;    ; i)????
?????????,
x =
iX
j=1
rjbj (4.16)
? =
iX
j=1
(
rj
 
j 1X
k=1
jkb

k + b

j
!)
???? (4.17)
?? =
iX
j=1
 
rj +
iX
k=j+1
rkkj
!
bj (4.18)
??, (4.18)? j = i???, ri = si, x =
Pi
j=1 sjb

j ???. ??, i 6= j ???
? bi  bj = 0???
kxk2 = ks1b1 +   + sibi k2 (4.19)
= ks1b1k2 +   + ksibi k2 (4.20)
 ksibi k2 (4.21)
= jsij2kbi k2 (4.22)
si = ri???, ???? 4.13 ?? jrij2  1 ???. ???,
kxk2  jrij2kbi k2 (4.23)
 kbi k2 (4.24)
???, ?????.
???????? LLL??????????, ?????????? :
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?? 4.15 [3;Theorem 3:3] F = Q(pm); m < 0; m??????????????.
?? (b1;    ; bn) 2 L??, bi (i = 1; 2;    ; n); ij ??? 4:10??????????.
?????????? :
(1) kbjk2  2i 1kbi k2 (1  j  i  n); (4.25)
(2) d() 
nY
i=1
kbik  2
n(n 1)
4 d(); (4.26)
(3) kb1k  2n 14 d() 1n ; (4.27)
(4) kb1k2  2n 1kxk2 for 8x 2 ; x 6= 0; (4.28)
(5) kbjk2  2n 1maxfkx1k2;    ; kxtk2g (1  j  t  n ?; x1;    ;xt ?????):
(4.29)
?? (1) (4.13) ? (4.14) ??, 1 < i  n????
kbi k2 

3
4
  ji;i 1j2

kbi 1k2 
1
2
kbi 1k2 (4.30)
???. ??????????, 1  j  i  n????,
kbjk2  2i jkbi k2 (4.31)
?????. (4.11), (4.13) ??,
kbik2 = kbi k2 +
i 1X
j=1
jijj2kbjk2 (4.32)
 kbi k2 +
i 1X
j=1
1
4
 2i jkbi k2 (4.33)
=

1 +
1
4
(2i   2)

kbi k2 (4.34)
 2i 1kbi k2; (4.35)
???. ???, 1  j  i  n ????,
kbjk2  2j 1kbjk2  2i 1kbi k2 (4.36)
??? (1)??????.
(2) (1:6), (4.11) ??,
d() = j det(b1;    ; bn)j (4.37)
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???. ?? i 6= j???? bi ; bj ???????,
d() =
nY
i=1
kbi k (4.38)
???. ???, kbi k  kbik ? kbik  2(i 1)=2kbi k ?? (2)??????.
(3) (1)? j = 1??, i = 1;    ; n???, ??????
kb1k2n  2
n(n 1)
2
nY
i=1
kbi k2 (4.39)
???, ??? 1
2n
????,
kb1k  2n 14
nY
i=1
kbi k
1
n (4.40)
??? (4.38)??, (3)?????.?
(4) ?? 4.14??, 0??????x 2 ???, ?? i( n)????? kxk2  kbi k2
???. (1)? j = 1????,
kb1k2  2i 1kbi k2  2n 1kbi k2  2n 1kxk2 (4.41)
??? (4)??????.
(5) xj =
Pn
i=1 rijbi ????. ??? rij 2 OF (1  i  n; 1  j  t)???. ???, j
?????, i(j) ? rij 6= 0??????? i???. ???, ri(j)+1;j =    = rnj = 0??
?. ????, ?? 4.14??, 1  j  t????,
kxjk2  kbi(j)k2 (4.42)
???. ???xj? i(1)      i(t)???????????, ???xj???. ???
? 1  j  t????, j  i(j)???. ?? j > i(j)??? j????, j   1  i(j)?
????, x1;    ;xj????OFb1+   +OFbj 1?????, ???????????
??.
???, j = 1;    ; t????, j  i(j) , (1) , (4.42) ??,
kbjk2  2i(j) 1  kbi(j)k2  2n 1  kbi(j)k2  2n 1  kxjk2 (4.43)
???, (5)??????.
???????? LLL?????, ?????????????. ??????, ??
????.
43
4.5 ?LLL????
LLL????????????????????. ?????Z???, ??????
??????? 1
2
?????. ???, ????????OF ???, ?????????
????? 1
2
??????????????????????.
4.5.1 ??????????????????
????Q(pm)(m < 0;m??????????) ????, M :=  m????, M
????????????????. ????????? mod 4? 2????????
????, ????????, ????????????????????.
m 6 1 (mod 4) ???? M 6 3 (mod 4)???,  := fa+ bpm j 0  a; b  1g  R2
????, ???  2  ????, f 2 R2 j j  j 
p
1+M
2
g \ OF 6= ;???. ???
? fg???? ???????OF ??????, j  fgj 
p
1+M
2
???.
m  1 (mod 4)????M  3 (mod 4)???,  := fa+b
p
m
2
j 0  a; b  1g  R2 ?
???, ???  2  (for 1  j < i  n) ????, f 2 R2 j j j 
p
9+M
4
g \OF 6= ;
???. ???? j  fgj 
p
9+M
4
???.
Re
Im
1O
p
M
p
1+M
2
A
BC
Re
Im
1O
p
M
2
p
9+M
4
A
BC p
1+M
4
?? 4.16 ????F = Q(pm)(m < 0;m??????????)????, M :=  m
???. ????, ??????? F ??????????????, fg???? ?
??????OF ??????, ??????.
(1) m 6 1 (mod 4) ???? M 6 3 (mod 4)???,  fg  p1 +M
2
; (4.44)
44
(2) m  1 (mod 4) ???? M  3 (mod 4)???,  fg  p9 +M
4
: (4.45)
4.5.2 ??????????
?????? ij, ?????? F n?????????? bi ? (4.11)???????.
????, LLL??????????????. ??????????????????
n???. ??????m = 2???. m > n ???, ??????????. ????
?????????? 3????:
(Step Am) m;m 1 ??? jm;m 1j  12 ????????. ?? jm;m 1j > 12 ???,
bm   fm;m 1gbm 1????? bm???. ??? fxg???? x???????OF ?
????. ????, m;m 1   fm;m 1g ????? m;m 1???, jm;m 1j  12 ???.
???? bi ?????????.
(Step Bm) i = m????, (4.14)???????? (Step Cm)???. ???????,
bm 1 ? bm??????. m > 2???? (Step Am 1)?, m = 2???? (Step Am)?
??.
(Step Cm) ((Step Am)????) j = m  2;m  3;    ; 1????, mj ??? jmjj  12
????????. ???, (Step Am+1)???. m+ 1 > n?????????????
?.
(Step Am)????, ?? jm;m 1j  12 ?????????. ???, (Step Cm)???
?, ?? jmjj  12?????????. ??????, LLL?????????????
??????????. ???, ?????????????????????????
?????.
? 4.17 2:4? (26???)????Rn?????????????????????
????, (Step Am)? (Step Cm)?, ??? x???????????????? fxg
45
????????. ??????????.
?? 4.16 ???, ???????.
?? 4.18 ?? 4:12 ???? (4:13) ?, ??????????, ?????????
?? (Step Am)? (Step Cm)?????????????????, 1?????, ??
????????????????????????.
(1) m 6 1 (mod 4) ???? M 6 3 (mod 4)???,
ij  p1 +M
2
; (4.46)
(2) m  1 (mod 4) ???? M  3 (mod 4)???,
ij  p9 +M
4
: (4.47)
4.5.3 ?LLL????
LLL??????? (?? 4.12)???? (4.14)????????.
kbi k2 

3
4
  ji;i 1j2

kbi 1k2: (4.48)
?????????, 3
4
  ji;i 1j2  0????, ??????????????????
?, ?????????. ???, ??
3
4
> ji;i 1j2; (4.49)
????????.
m 6 1 (mod 4) ???? M 6 3 (mod 4)???, (4.46), (4.49)???????M = 1
???. m  1 (mod 4) ???? M  3 (mod 4)???, (4.47), (4.49)???????
M??????. ???, M = 1?????????????????????????.
?? 4.19 [6; p178] F = Q(p 1)???. ??,  = OFb1 +   +OFbn???. ?
?? (b1;    ; bn)??LLL?????????, ?? 4:10????, ?????????
??? b1;    ; bn?, ?? (4:14)?????????????????.
jijj 
p
2
2
(1  j < i  n): (4.50)
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? 4.20 F = Q(p 1)???. ?? 4:3 ?m =  1????, ??????.
OF = Z[
p 1] = fa+ bp 1 j a; b 2 Zg: (4.51)
?? 4.21 [5] F = Q(p 1)???. (b1;    ; bn)? ?? LLL??????, ??,
bi (i = 1; 2;    ; n); ij ??? 4:10??????????. ?????????? :
(1) kbjk2  4i 1kbi k2 (1  j  i  n); (4.52)
(2) d() 
nY
i=1
kbik  (2n 1)d(); (4.53)
(3) kb1k 

4n   1
3
 1
2n
d()
1
n ;
(4.54)
(4) kb1k2  4n 1kxk2 for 8x 2 ; x 6= 0;
(4.55)
(5) kbjk2  4n 1maxfkx1k2;    ; kxtk2g (1  j  t  n ?; x1;    ;xt ?????):
(4.56)
4.6 ?LLL????????
????F = Q(pm) (m < 0;m??????????)???, 4.5.2???????,
LLL???????????????????????????. ????, F = Q(p 1)
???, ????????????????.
?????? ij, ?????? F n?????????? bi ? (4.11)???????.
????, ? LLL??????????????. ?????????????????
? n???. ??????m = 2???. m > n ???, ??????????. ??
???????????? 3????. (Step Am???? jm;m 1j, Step Cm????
jmjj????????????????.):
(Step Am) m;m 1??? jm;m 1j 
p
2
2
????????. ?? jm;m 1j >
p
2
2
???,
bm   fm;m 1gbm 1????? bm???. ??? fxg???? x???????OF ?
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????. ????, m;m 1 fm;m 1g ????? m;m 1???, jm;m 1j 
p
2
2
???
??????. ???? bi ?????????.
(Step Bm) i = m????, (4.14)???????? (Step Cm)???. ???????,
bm 1 ? bm??????. m > 2???? (Step Am 1)?, m = 2???? (Step Am)?
??.
(Step Cm) ((Step Am)????) j = m 2;m 3;    ; 1????, mj ??? jmjj 
p
2
2
????????. ???, (Step Am+1)???. m+ 1 > n?????????????
?. ?
??????????????????????????????. (Step Am), (Step
Cm)?, 1?????, ????????. (Step Bm)????????????????
?????, ???????????????????, ? LLL???????????
???????. ??????????.
??????????, bi ??????????????. ?????? 2? kbik2 =
(bi ; b

i )???????. ?????????????????????. (2.28)????
Di := det(b  b)1;i (1  i  n) (4.57)
?, d()2(= Dn)???????, ?? (2.29)????
D :=
n 1Y
j=1
Dj (4.58)
???. (1:5); (4:10)????,
Di =
iY
j=1
kbjk2 (1  i  n) (4.59)
???. (Step Bm)????, bm 1? bm????????, ??????Di?????
?????, Dm 1??? 34 ?????. ???, D??? 34 ?????. ???, Di?
??,
Si = 2
 i(i 1)=2 m(); (4.60)
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??, (2.32)????
m() := min
 kxk2  x 2 ;x 6= 0 	 ; (4.61)
???. ????, ??????.
Di  Si > 0 (1  i  n): (4.62)
???, Si??????.
?? 4.22 ??  = Pni=1OFbi, (b1;    ; bn) 2 B ????, ??????? (Her-
mitian matrix) B = (bij) 2 Mn(C)?????????? (Hermitian form)?????
??.
bij = bi  bj; (4.63)
f(x) =
X
1i;jn
bijxixj: (4.64)
???, x = (x1;    ; xn) 2 F n ???, xi ? xi??????????.
?? 4.23 x 2 , x = x1b1 +   + xnbn ????, ??????.
f(x) = kxk2: (4.65)
???, f ???????.
???, ?????????????????????????????. ???, ?
???????????????. ??, ????????????. OF -??????
? 2???? Sn??????????????. ??????????????? [9]?
??.
(4.7)??????????????????, ??????????????????
?????, ???????.
?? 4.24
f(x1; x2) = b11jx1j2 + b12x1x2 + b21x1x2 + b22jx2j2 (4.66)
??????????????. ????,
f(x1; x2) = b11
x1 + b21b11x2
2 + b11b22   jb12j2b11 jx2j2: (4.67)
?????.
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?? 4.25 F = Q(p 1), OF ? F ???????.  2 F ????, u 2 OF ?
ju+ j 
p
2
2
: (4.68)
???????????.
??????, ???????.
?? 4.26 f? (4:66)????????????????????. ????, (u1; u2) 6=
(0; 0) ?
f(u1; u2)  (2D2) 12 ; (4.69)
???????????. ???,
D2 = b11b22   jb12j2; (4.70)
???.
?? ???????????????????,
M(f) = inf
u1;u22OF
f(u1; u2) = b11; (4.71)
?????. ??? (u1; u2) 6= (0; 0) ???, (4.67)??,
f(x1; x2) = b11
x1 + b21b11x2
2 + D2b11 jx2j2: (4.72)
???. u2 = 1 ????, ?? 4.25??, u1 2 OF ?u1 + b21b11
  p22 : (4.73)
???????????????. ????,
f(u1; 1)  b11; (4.74)
???, ???,
f(u1; 1)  1
2
b11 +
D2
b11
: (4.75)
?????,
D2
b11
 1
2
b11; (4.76)
50
????
b211  2D2; (4.77)
???. ??, (4:71)???, f(u1; u2)  (2D2) 12 ???.
?????, ??????????.
?? 4.27 ??????????
f(x) =
X
1i;jn
bijxixj (4.78)
?, ???u 2 OF n;u 6= 0????,
jf(u)j  2(n 1)=2Dn1=n; (4.79)
????. ???,
Dn = det(bij)1i;jn (4.80)
???.
?? ?? 4.26??????, ???u 2 OF ;u 6= 0 ????
b11  f(u) (4.81)
?????. ????,
f(x) = b11
x1 + b21b11x2 +   + bn1b11 xn
2 + g(x2;    ; xn); (4.82)
????. ??? g(x2;    ; xn)????Dn=b11???????????????. n  1
???????????, ???????????????, ????, ???? 0???
? u2;    ; un 2 OF ?,
g(u2;    ; un)  2(n 2)=2

Dn
b11
1=(n 1)
: (4.83)
???????????. ?? 4.25???, u1 2 OF ?u1 + b21b11u2 +   + bn1b11 un
  p22 ; (4.84)
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??????????,
b11  f(u)  b11
2
+ 2(n 2)=2

Dn
b11
1=(n 1)
; (4.85)
?????,
b11  2(n 1)=2Dn1=n: (4.86)
???.
??, d()? (1.5)???????????, Dn = fd()g2???. (4.57)?????
???Dn????????????????, m()? (4:61)???????, ????
??????. i > 0????, Di ???????
Pi
j=1 Fbj??, b1;    ; bi ?????
?? i?OF -??????? 2????.
?? 4.27 ???, ????? kxk2  2(n 1)=2Dn1=n ???x 6= 0???????, ??
?????.
?? 4.28 [6; p180] Si? OF -??????? 2?Di??????. ????,
2 i(i 1)=2 m()i  Di; (4.87)
????, (4:60)??????.
???? 4.28? n = 1; 2;    ????, D = Qni=1Di????, D??? S = Qni=1 Si
?????????. ???, ??????????????????????????
??????. ???, ???????.
?? 4.29 F = Q(p 1)???, ? LLL???????????.
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?5? ??????????????
????, ? 2???? 4????????, ?????????????????, ?
???????????????????????. ??, ???????, ?????
????????????????. ??, ?????????????????, ??
??????????, ????????????????????.
????????????, ??????????????????????. ??, ?
??????????, ?????????, ????? (????, ????, ????)
???, ????????????????????, ?????????. ??, ???
???????????, ??????????????????????.
5.1 ??????
n??????????Rn?, ???????????????????. ? 1??
?????????, ?????????????????????. ???, ????
?????, ???????????????. ??, ? 2?????????????
?, ???????????????????. ????????????????. ?
??????, F n( Cn)????, ????????????????????????
??????????????????.
?? 5.1 ??????, (e1;    ; en) 2M???. ????
0() :=

k1e1 +   + knen
 0  k1;    ; kn < 1 	 (5.1)
? ????????. ??, ??????? x 2 ???????????x()?
??. ????,
x() =

x+ k1e1 +   + knen
 0  k1;    ; kn < 1 	 (5.2)
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???.
?? 5.2 ??????, (b1;    ; bn) 2 B???. (5:1)???????????
?0()? b1;    ; bn ????, ???????????????????, ?????
?????????????????????????.
??, ??????????, ????, ??? x1;x2 2 , x1 6= x2????,
x1() \ x2() 6= ; (5.3)
???, ??, [
x2
x() = ; (5.4)
?????, ??????????????.
??????, ???????, ?????????????????.
? 5.3  = Zb1 + Zb2, b1 = (4; 3); b2 = (5; 6)???. ????, e1 = 2b1   b2 =
(3; 0); e2 =  b1 + b2 = (1; 3) ????,24e1
e2
35 =
24 2  1
 1 1
3524b1
b2
35 (5.5)
???, det
24 2  1
 1 1
35 = 1 2 Z??, ???????????. ???, (e1; e2) 2 B?
??. ??, (e1; e2) 2M???. ????, ???? 0() ??????????.
O e1
e2 0()
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???, b1(), b2()??????????.
b1
b2
O
b1()
b2()
?? 5.4 ??????, (b1;    ; bn) 2 B???. (5:1)???????????
?0()?????????????.
?? ?????x 2 Zb1 +   + Zbn ????, ??x()???????, ???
????????????????????????????.
5.2 ????????
????????, 1????????? n???????????????????
?????????, ?????????????????????, ????????
?????, ??????????????????????????.
???????????, ??????????????????????????.
??????? 2.6?????Minkowski ?????, ?? 2.21????? LLL ???
????. ???????????????????????????. ???????
?????????, ?????????, LLL???????????.
????????????????, ?????????????. ????????
??????????, ?????????????????????.
?? 5.5 ?? ????, (b1;    ; bn) 2 M ???. (5:1)??????? ??
??? 0()? b1;    ; bn ????, ???????????????????, ??
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?????????????????????Minkowski?????????. ??,
(b1;    ; bn) 2 L???, ??LLL?????????. ??????????????
?????.
? 5.6  = Zb1 + Zb2, b1 = (3; 0); b2 = (1; 3)???? (b1; b2) 2 M ???. ???
?, ?? x() (x 2 ) ??????????????. ???x()???x??
?????.
0 b1

2b1 b1
b1
b2
 b1 b2  b2 b1 b2 2b1 b2
b2 b1+b2 2b1+b2 b1+b2

2b2 b1+2b2 2b1+2b2
 b1+2b2
O
??, ????????
k1b1+k2b2? [k1; k2]????????. ??????????
???????,
[0; 0] ! [1; 0] ! [1; 1] ! [0; 1] ! [0; 2] ! [1; 2] ! [2; 2] ! [2; 1] ! [2; 0] ! [3; 0] !   
??????.
[0; 0] [1; 0] [2; 0]
b1
b2
[0; 1] [1; 1] [2; 1]
[0; 2] [1; 2] [2; 2]
O
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? 4??????, ?????????, ????????????????????,
?? LLL?????????????. Cn???????, ????????????
?, R? 2n????????? LLL????????????????.
5.3 ??????????
??????????????????????????????????????
???????, ???????, ????, ????????????????????
???????????????. ???????, ??????????????,??
?????????????????????????????. ??????????
?????????, ???????????????????. ???????, ??
???, ?????? 1???????????????????. ??????, ??
??????????????? 2????????????????????????
??????????????????.
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?II?
??????????????
? II?????, ????????????????????????.
6 7
8
9
10
? 6??? 7???????, ?? 6.5(Scherrer)?? 7???? 7.2?????. ? 7
??? 8???????, ?? 7.2?? 8???? 8.2(Euler)?????. ? 7??? 8?
?? 10???????, ?? 7.5??? 8.2(Euler)??? 10.4?????. ? 10???
????????????????????. ? 6???? 8????, [10]?????
?????. ? 9??? 10????????.
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?6? ???????????????
? II?????????, R2????Z2????. ?????????? [14], [16]?
????????. ????????, ??????????????????????
????????, ????????????????. ???????????, ? 9?
???? 10??????.
????, ????????????. ??, ??????????????????
?????. ?????, ?????????, ??????????????????
????????????????. ?????, ???????, ???????, ??
????????????????????????????????.
??, ????????????????? (?? 6.5)???, ???????. ???
?????????????. ?????, ??????????, ?????????
??????. ???, ??????????, ??????????????????
?????.
6.1 ??????
?????????, ?????????. ??? [10]??????????.
?? 6.1 ????? (x; y) 2 R2????, x; y 2 Q?????, (x; y)???? (rational
point)??????. ??, x; y 2 Z?????, (x; y)???? (lattice point)????
??.
?? 6.2 ?????????????????????, ??, ??????????
?????????????.
?? 6.3 2??????? P1; P2?, 1????????????????????,
?????????????????? P1 + P2???.
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????? P ???????? (??????)??????.
?? 6.4 [Pick, 1899] P ?????? (???????)???. ???? P ???
A(P )??????????:
A(P ) =
1
2
B(P ) + I(P )  1; (6.1)
???B(P )?????????????, I(P )??????????????.
?? (i) ??????????????????????????, ????????
? 1
2
???. ???, ?????????????????? (6:1)??????.
(ii) 2???????P1; P2? 1????????????????????, P1; P2; P1+
P2???? (6:1)???????????. ????, A(P1) + A(P2) = A(P1 + P2)??
??????????.
P1
P2
P1 + P2
P1?P2??????????????????????, P1+P2?????????
?, P1, P2?????????????. ?????????? (6:1)????????,
1
2
+ 1
2
= 1???????.
P1? P2????????????????????????, P1, P2???????
????, ?????????, (6:1)????? 1?????.
??????, ??????, ????????????????, ????????
????????????????????. ???, (i), (ii)??, ?????????
(6:1)?????????????.
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6.2 ??????????
?????????, ????????????. ???, ????????????
???????????????????. ??????????, ?????, ???
????????????, ?????????, ?????????????????
???????????. ?????, ??? 1=2?????????????????
???, ????????????????????????????????. ???
????????, ????????????????????????????.
6.3 ??????
??, ?????????????????????. ??, ???????????
?????.
?? 6.5 [24; Scherrer; 1946] ????????????????????.
????????, ?? 6.6??? 6.8??????. ???????????, ????
????????????????????, ???????????????????
????????, ???????.
?? 6.6 ????????????.
?? 1????? a???????????????. ?????
p
3
4
a2 ???. a2?
?????????, ??
p
3
4
a2???????. ??, ?? 6.4??, ?????????
??????????????. ???, ????????????.
?? 6.7 ????????????.
?? ????????????????. ???????1?????pm2 + n2 (m;n 2
Z) ?????????, ??????????????, 1?????????????
??. ?? 1?? A1A2A3A4A5A6???.
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A1
A2
A3
A4
A5
B1
A6
?A1?   !A2A3 ????????????B1????, ?B1???????. ????,
????????????????, ?? 6.6?????.
?? 6.8 ??? n?? (n = 5; n  7) ??????.
?? ??? n?? (n = 5; n  7) ??????????. ?? 6.7???????
??????????, 1?????????????, A1   An ???. n  5??,
\AiAi+1Ai+2 > 2 (i = 1;   n;??? i + 1; i + 2? n??????? n???????
; ???????:) ???, ?Bi (i = 1;    ; n)????   !AiBi =       !Ai+1Ai+2 ??????
???. ????, B1   Bn? A1   An????????? n?????????. ?
??, n = 5????????????, 1???????????????A1A2A3A4A5
????, ??????????? B1B2B3B4B5 ??????????????.
A1
A2
A3 A4
A5
B1
B2B3
B4
B5
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6.4 ??????????
?????????????????, ?? 6.5??????????????, ??
?????, ???????????????????????. ??????????
????
 ?????????????, ???????????????????.
 ??????????, ????????????????????????.
??????. ??, ???????????????
 ??? n??????, n?????????????????????.
 ??? n??????, n?????????????.
 ?????????????????????????????????????
(???????).
 ??????????????, ????????????????.
??????.
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?7? ???????????????
??
????, ? 6???? 6.5?????, ????????? 1??? ???????
??????????. ????????????????. ??????, ?????
??? 3????, ?????????????????????????. ?????
???????????????????????, ????????, ???????
????????????. ??????, ??????????. ??, ???????
?????? [10]??????.
7.1 ??????????
?? 7.1 3?????????????????????????????? (Pythagorean
triangle) ???.
?? 6.5??????????????.
?? 7.2 ?????????? 1????????, =???????.
?? ???????????????, ?????? k;m; n (k2 +m2 = n2)?
cos =
k
n
; sin =
m
n
(7.1)
?????????. ???, = 2 Q??????

2
=
M
N
(?????;M;N > 0) (7.2)
????. ? p(nN ; 0)?????????? ??? T ???????, p; Tp; T 2p;   
????, ????N????????? p???. ????, T np = p???, N???
p; Tp; T 2p;    ; T n 1p ??N ????????.
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??, ? ????? T ?,24cos   sin
sin cos
35 =
24 k=n  m=n
m=n k=n
35 (7.3)
???, p(nN ; 0)???, Tp; T 2p;    ; T n 1p??????????. ???, ????N
????, ???N?????. ?? 6.5??, N = 4?????????. ?????
?????, ??????.
?????? n????, n??????????????????. ???????
??????.
?? 7.3 ??? n 2 Z; n > 0 ????, n??????????????????.
?? ?????????????, ?? 7.5??????. ?? 7.5?????, ???
??????????, ??? (n?)?????, ?????????????????
?????, ?????????? `???????????????, n???????
?. ???? n??????, ?????? `???????????????????
???. ???????, ??????????.
???, ???????????.
? 7.4 ?????????????, ???????????????, ??????
????, ??????.
?? 7.5 ?????????????, 0; 1; 2;1????????.
????????, ?? 7.6??? 7.10??????.
?? 7.6 3???????????????????.
?? ? C ?? 3????? P1; P2; P3??????. ????, ? C ????, ??
P1P2, ?? P2P3??????? `, `0??????.
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P1
P2
P3
`
`0
??P1P2?????P2P3??????????, ????????????? `; `0??
????????. ??, ?? `???P1P2??? (??????)?, ?? `0???P2P3
????????????????, ???????????, ???????????.
???, ??? 2??????????????.
?? 7.7 ???? 1??????????.
?? ????????, ?? r? 2???????????????????????
????? (??? r2 = p2).
?? 7.8 ???????? 1????????.
?? ? (p2; 0)?????, ??????????, ???????????????
?????. ???????? 1????????. ????, x???????? 2??
?????????????, ?? 3??????????????????. ????,
?? 7.6??, ?????????????????.
?? 7.9 ???????? 2????????.
?? ? (p2; 0)?????, (0; 1), (0; 1)????????, ???? 2??????
???. ???????? 1?????????, ???? 3??????????, ??
7.6??, ?????????????????.
?? 7.10 ???????? 3??????, ?????????????????
??.
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?? ??C?, ????? 3???????????. ????, ?????????
???????????????. ?? 7.6??, ??? C??????????. C?
??????, ??????????C0???. C?????????C0??????
????, ??C0?????.
? 3?? 3; 4; 5 ????????????????????. C0?????? 1?
??, ????????? ????????. ? ??????244=5  3=5
3=5 4=5
35 (7.4)
?????, C0?????????????. ?? ?????????? 1?????
??, ?? 7.2?? ? ?????????. ???, ??????? 2???????
????. ???, C0????????????????????, ?????????
???, C????????????????????.
7.2 ???????????
?? 7.6????, ?????????????. ??,?????, ?????? 2?
1???????? (x; y)??????????????????????. ?????
?????????????????????, ??????????????????
????????. 2????, ???????????????????, ??????
??????. ???, ????????, 1??????????????????. ?
?????, ???? 1?????????, ???????????????????.
?????????, ??????????. ???????, ???????????
?????????, ????????????. ??, 1????????, ?????
????????????????, ???????????????????????
???, ???????????.
??, ??????, ????????????, ?? 7.6?????????????
??. ??????, ?? 3???????????, ???????????????
??????????.
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??????????????????, ?? 7.7??? 7.9 ?????, ??????
?? 0?, 1?, 2???????????????????????????????.
??????, ???????? 3???????????????, ??????, ??
????? 3?????????????, ????????????????????
??????. ????, ?? 7.10????????????, ????, ???? (7.4)
???????.
??, ?????????????????????????, ??????????
???. ??? (x; y)????, ???????????0@ x
y
1A  !
0@ 4x 3y5
3x+4y
5
1A (7.5)
?????????. ????????????, f(4x 3y)=5g2+f(3x+4y)=5g2 = x2+y2
?????, ??????????????????????. ???, ???????
?? 3????? a; b; c (a2 + b2 = c2) ???, ??? (x; y)????, ????????
??? 0@ x
y
1A  !
0@ bx ayc
bx+ay
c
1A (7.6)
?????????. f(bx  ay)=cg2 + f(bx+ ay)=cg2 = x2 + y2 ??? a; b; c?????
?????????.
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?8? ????????
????, ?????????????????, ???????, ?????????
????????????????????????, ???????????????
??????????????????. ????????????????. ??, ?
?? [10]??????.
??, ????????, ???????????????????????????.
?? 8.1 [Ptolemy] ?????????ABCD????
AB  CD +BC  AD = AC BD (8.1)
?????.
?? 8.1??, ???? 8.2???.
?? 8.2 [Euler] ??????????????????????????????
??.
?? 3???????? 5; 5; 8 ???????????  ????, ????? 5?
???????????. ?? 5?????????????. ????, 
2
? 3?? 3;
4; 5 ?????????? 1???????.

53
4
5 
70
?? 7.2?? 
2
=?????????, ? ?????????. ???, ?? ???
?? 5??????????????, ??????????. ???????????
????????????, ??????? (?? 8.1)?????????.
???????????.
? 8.3 ??????? n????, ?????????????? n???????
?????.
????????????????????????????. ??????????
???????. ???? 8.2????????? 10????.
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?9? ???????????????
??
????, ? 1???????, ? 2????? 3?????, ???????????
????, ?????????????????????. ??????, ??????
???????????????????. ????, ?? ([27],[28],[29])???????
?, ???????????????????????????. ? 4???, ????
?????????????????.
9.1 ??????
?? 9.1 3?????????????????, ?????? (Heronian triangle)?
??.
?? 9.2 3??????????? 1?????????????, ????????
(primitive Heronian triangle)???.
?? 9.3 3??????????????????, ????? (rational triangle)?
??.
?? 9.4 3???????????????, ???????? (lattice Heronian tri-
angle)???.
9.2 ?????
??????????? ([27], [28])?????????????????????. ?
?????????????????, ??????????????????????
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?. ?????, ?????????????????, ??????????????
?????. ???????????? 3????????????????. ????
????????????????????????????????????????
???????. ???????????, ????????????????????
?. ???, ????????, ??????? ([12])???, ????????? 3??
?????????????? 1??????????? 3?????????????
???????????????. ??????????? 2????????????
????????.
?? 9.5 [12] 3????? a; b; c, ??? S????, ??????????????
???.
(1) a = r(v2 + w2); b = v(r2 + w2); c = (r? v)(w2   rv); S? rvw(r? v)(w2   rv);
(2) a = r(v2 + w2); b = v(r2 + w2); c = (r   v)(w2 + rv); S = rvw(r   v)(w2 + rv):
???, r; v; w????????. ???, ?????????????? 3??????
????.
9.3 ????????
???, ??????????????????????????????. ????
???????, ?? ([29])?, ????????????????????, ?????
?????????????????. ????? 9.5(1)????, 3????? 3; 4; 5
????????????, ?? r; v; w??????????????????, ???,
r = 1; v = 2; w = 2???, 3????? 2?????????????????????.
??????? 3????????????, ???????????????? 3?
???????????????. ??????????????????.
?? 9.6 [2;?? 1; p3] ????? (?? 9:5)(1)????, ?????????.
r3 =
(a  b+ c)2(a+ b  c)
4c(b  a+ c) ; (9.1)
v3 =
(b  a+ c)2(a+ b  c)
4c(a  b+ c) ; (9.2)
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w6 =
(a+ b+ c)3(a  b+ c)(b  a+ c)
24c2(a+ b  c) : (9.3)
?? a+ b+ c; a+ b  c?????,
a+ b+ c = 2w2(r + v); (9.4)
a+ b  c = 2rv(r + v); (9.5)
??, (a+ b+ c)=(a+ b  c) = w2=rv ???,
w2 =
a+ b+ c
a+ b  crv (9.6)
???. ???,
a = r

v2 +
a+ b+ c
a+ b  crv

; (9.7)
b = v

r2 +
a+ b+ c
a+ b  crv

; (9.8)
???, ?????????,
a
b
=
(a+ b+ c)r + (a+ b  c)v
(a+ b+ c)v + (a+ b  c)r (9.9)
???. ???,
(a+ b)(a  b+ c)v = (a+ b)(b  a+ c)r (9.10)
???. ??? a+ b 6= 0???,
(a  b+ c)v = (b  a+ c)r (9.11)
???. ???? (9.5)??,
(a  b+ c)2(a+ b  c) = (a  b+ c)2  2rv(r + v) (9.12)
= 2f(b  a+ c)rg2r + 2f(b  a+ c)rg(a  b+ c)r2 (9.13)
= 2f(b  a+ c)r2gf(b  a+ c)r + (a  b+ c)rg (9.14)
= 2(b  a+ c)r2  2cr (9.15)
= 4(b  a+ c)cr3: (9.16)
???, (9.1)?????. ????? (9.5), (9.11)??, (9.2)?????. ??, (9.6)?
??? 3????, (9.3)?????.
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?? 9.7 [2;?? 2; p3] ????? (?? 9:5)(2)????, ?????????.
r3 =
(a+ b+ c)2(b  a+ c)
4c(a+ b  c) ; (9.17)
v3 =
(b+ a  c)2(b  a+ c)
4c(a+ b+ c)
; (9.18)
w6 =
(a  b+ c)3(a+ b+ c)(a+ b  c)
24c2(b  a+ c) : (9.19)
?? 9.6, ?? 9.7??????, ???, 3????? 5; 12; 13??????????,
????? (?? 9.5)????????????. ?????????????? r; v; w
???????????????????.
????, ?????????????, ?????Carmichael????????, ?
??????????. ???????????????.
?? 9.8 [8] ??????????? 3?????,
n(m2 + h2); m(n2 + h2); (m+ n)(mn  h2) (9.20)
?????????. ???, m;n; h??????, mn > h2???.
9.4 ?????????
??????????????, ?? [2]???, ??????????. ?????,
????????????????????????????????, ???????
????. ???????, ??????????????????????, ????
????????. ??????????, ??????????????????, ?
????????????????, ?????????????????????.
??, ?????????, ???????????????, ???????????
????????? ([11])?, ?????????????????,?????????
?????????????????????????????????????.??
?????. ??????, ??????????????????????. ????
?, ?????????????????????, ????????????????
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???. ??????, ???????????????????????, ??????
????????????????????.
?????????, ????? (?? 9.5)?????, ????? 3???????,
??????? 3?????????????????. ????? ICT???????
??????????. ??, ???????????????????, 3????, ?
?, 3??????????????????????????????. ???, ???
?????????, ?????????????????????????, ????
?????????????????????. ????????????, ?? 7.1?
????????????? 2??????????????????????????
??????????????, ???????????????????. ?????
???????????? [29]????????. ???????????????.
????????????????????????, ??????????????
??????????. ?????????????????, ???????????
???????????. ????????????????, ???????????
?????????????????????????,??,????????????
????? 3?????????????????, ????????????????
??????????????. ???, ?????? 3??????????????
???, ?????????????, ??????????????????????.
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?10? ??????????????
????
???? 2???, ? 6???? 8???????????????, ??? ([4])???
?????????????, ???????????????? 2????.
? 3???, ?????????????????????????. ??, ?????
????????????????, ?????????????????????, ?
?, ?????????????????, ????????????????????
??????.
10.1 ???????????
?? 10.1 ?? a2 + b2 = c2??????? a; b; c????????? (Pythagorean
triple)???. ??, a; b; c???????1???,???????? (primitive Pythagorean
triple) ???.
?? 7.1??, 3??????????????????, ???????????, ?
???????. ??, ????????? 3?????, ????????????. ?
??????????????????.
?? 10.2 [13] a; b; c???? a2 + b2 = c2????????????. ???? a? b
????????, a???????, a; b; c?
a = 2uv; b = u2   v2; c = u2 + v2; (10.1)
???????. ???, u? v? u+ v??????, u > v????????????
????. ???? u; v???????, ???????? a; b; c???????.
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10.2 ????????
??????????, ?????????????????. ?????, ?? 10.4
????????????, ????????.
?? 10.3 [4;Theorem 3:1] ?????????????????, n???????
???????.
?? 7.5??? 8.2????, ???? 10.4???. ?????, ??????????
??.
?? 10.4 [4;Proposition 3:1] ??????????????????, ??????
??????????.
?? a; b; c??????????. 3????? P0P1 = P0Ps = c, P1Ps = 2a ????
?????4P0P1Ps????? ???. ??????? ?????x2+y2 = (c2=2b)2
???. ?? c????? P0P1?????? ??, ??, ?OP0?? P1Ps?????
H???. \OP0P1 = 90   =2???, \P0P1H = =2???. \P0P1H?, ?????
???4P0P1H? 1???????, ?? 7.2??, =2???????.
??, ? P0 ????  ? y ??????????????, P0(0; c2=2b)???, ?
Pi(i = 1; 2;    )?, ??? ?????????????. =2 ???????, ?
Pi(i = 1; 2;    )???????. ????, ??? ??????Pi(i = 1; 2;    )???.
???, ?Pi(xi; yi); Pi+1(xi+1; yi+1) ????, ??????????????????
??????, 24xi+1
yi+1
35 =
24(2a2   c2)=c2 2ab=c2
 2ab=c2 (2a2   c2)=c2
3524xi
yi
35 ; (10.2)
???. a; b; c ???????, (2a2  c2)=c2; 2ab=c2???????. ???, Pi????
???, Pi+1???????. ???????, ? Pi(i = 0; 1;    )??????????.
??, ? Pi(i = 0; 1;    )????, ? PjPk(0  j < k  n)?????????
??????. ??, ?????? Pi(i = 0; 1;    ; n)????, ?????????
P0PjPkPn(0 < j < k  n) ????. ??, PiPj(0  i < j  n  1) ????????, ?
?????? (?? 8.1) ??????????, ? P0Pn??????????. 2???
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? P0P1 = c? P0P2 = 2a??????????, ?????????????????
?, ?????.
x
y

P0
P1
P2
a a
b c

O
c
 
Ps
H
? 10.5 [4;Example 3:1] ? C : x2 + y2 = (25=6)2 ?, ??????????????
?????????.
a = 4; b = 3; c = 5??????????. ? Pi(xi; yi); Pi+1(xi+1; yi+1)????, ??
10.4??????????? (10:2)?,24xi+1
yi+1
35 =
24 7=25 24=25
 24=25 7=25
3524xi
yi
35 ; (10.3)
???. ???????????Pi(i = 0; 1;    )??????????. ?? P0(0; 25=6);
P1(4; 7=6); P2(56=25; 527=150) ???, P0P1 = P1P2 = 5, P0P2 = 8???.
????????, ??????????????????. ???????????
? 150??????? C 0 : x2 + y2 = 6252????. ????, P 00(0; 625); P 01(600; 175);
P 02(336; 527)????, P 00P 01 = 750; P 01P 02 = 750; P 00P 02 = 1200, 4P 00P 01P 02 = 270000?
??, ????????????????????????. ???? (10:3)?????
?, ??? Pi; Pj; Pk(0  i  j  k)????, ???? x; y??????????? `
????????? (??????, ???????? `??????????????)
P 0i ; P
0
j ; P
0
k ????????????. ????????????, ?????????
?, ?? 10.3???.
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???, ???????????, ?? 10.3??????.
?? ?? 10.4????? (10:2)???, ??? Pi(xi; yi)(i = 0; 1;    ; n  1)????
? PjPk(0  j  k  n   1)???. ???? xi; yi(i = 0; 1;    ; n   1) ???, ???
PjPk(0  j  k  n   1) ????, ?????????? `???. ?? 10.4????
?   : x2 + y2 = (c2=2b)2????????? `???????  0 : x2 + y2 = (`  c2=2b)2
????. ? P 0i (`xi; `yi)????, ?? P 0i (i = 0; 1;    ; n   1)?????  0?????
??, P 0jP 0k = `  PjPk???. ???, `xi; `yi(i = 0; 1;    ; n  1) ??? `  PjPk(0  j 
k  n  1) ?????????.
?????????????????. ?? 10.2??, ????????????, ?
???? 2??????????????, ??????????. 3????????
???????????, ???????????, ????????????????
?????????. ????, ???????.
?? 10.6 [4;Lemma 3:1] ?????????????????? 3???????
?, ?? 3???????????????????, ????, 3??????????
??????.
?? 10.3??? 10.6???, ???????.
?? 10.7 [4;Theorem 3:2] ???????????????, 3?????????
?????.
?????????????, ?? 10.4????????????? 3????, ??
??????????????. ????? `????, `2????????????.
???, ?? 10.4????????? 3?????????????????????.
???, ???????.
?? 10.8 ?? 10:4?????????????, ??? 3????????????
?????????. ????????????.
??, ???????????????? (?? 10.2)??????????, ????
???. ????????????????.
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?? 10.9 [4;Theorem 3:3] 2n+ 3???????????
f(0;y); (0; 0); (x1; 0);    ; (xn; 0)g (10.4)
???? 3????????????, ???? 3?????????????????
?. ???, pi(i = 1;    ; n)???????, pi > pj(i < j) ???? p1 > 2p2    pn ?
?????????? p1??????, xk = (p1    pk)2   4(pk+1    pn)2 (k = 1;    ; n),
y = 4p1    pn???.
?? u := p1    pk; v := 2(pk+1    pn) ???. u???, v??????, u + v???
???. ??, x1 <    < xk <    < xn ???. ???, ?? 10.2 ??????, ???
????.
x
y
O
y
x1 x2   xn
10.3 ????????????
n????????, ?? 10.3???????????????, ?????????
????. ???????????????????????.
10.3.1 ?????????????????
??????????, ?? 10.4????? 10.8????, ????????????
?????????????????. ?????????, ????????????
????????????. ?????????????????.
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?? 10.10 ??????????????????????.
?? a; b; c 2 Z??????????. 3????? P0P1 = P0Ps = c, P1Ps = 2a ??
???????4P0P1Ps?????  ????, ?????????????????
??. ?? 1??????????, ??? a, ??? b??????4P0P1H? 3???
???????. ???, \P0HP1 = 90???. ?? P0P1????????, ?? P0H
??????4P0PsH ?????????????, ?? P0Ps?????. ???? 2
??????????????????  ??????.
??, ?? P0P1?????, ??????????????????, ???????
????????????. ?????????? 3??????????.
x
y
P0
P1
P2
a a
b c

O
c
 
Ps
H
?????????????????????????????????. ?????
??, ?????????????, ???????????????????????
??????.
10.3.2 ???????????????????
????????????? 10.4????????. ????, ??????????
3; 4; 5?????, ??? a; b; c??????????. ?????, ??????? II?
?????????????????????. ?? 10.4??????????. ???
?, ?? 10.4?????????????????.
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? 10.11 3????? 5; 5; 8??????????????, ???????????
? 5????????????, ??????????????????? (?????
???). ??, ??????? 2???????????.
?? 3????? 5; 5; 8??????????, 2?????????????P0??
?, y?????. ??????  ???. ??????? r????, 4OP1H ????
??????????,
42 + (r   3)2 = r2 (10.5)
??, r = 25=6???.
5
3
4
r
r   3
=2

P0 P1
H
O
?? 5???????? ???. =2?????????? 1????????? 7.2
??, 
2
=???????. ??? = ???????.
 ??????? 5????? P0 ??????????. ???????????
P1; P2;    ??, ?????? P 1; P 2;    ???. ????, ??????????. ?
?????? (?? 8.1)??????, ??????? 2??????????????
???????.
x
y
P0(0; 25=6)
P1(4; 7=6)
P2
4 4
3 5
O
5
 
P 1
H
P 2
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???Pi(i = 0; 1;    )????????????. ??, P0(0; 25=6) ????????
????.
?P1????????????. ?  ?????, P0?????, ??? 5?????
?????????, 8<: x2 + y2 = (
25
6
)2
x2 + (y   25
6
)2 = 52
(10.6)
??, ?? P 1P1???? 6y = 7???. ?  ??? P 1P1?????? P1(4; 7=6) ?
???????????. P 1( 4; 7=6)?????????.
?P2????????????. ?  ?????, P1?????, ??? 5?????
?????????, 8<: x2 + y2 = (
25
6
)2
(x  4)2 + (y   7
6
)2 = 52
(10.7)
??, ?? P0P2????
144x+ 42y = 175 (10.8)
???. ??, ?  ?????, P0?????, ??? 8??????????????,8<: x2 + y2 = (
25
6
)2
x2 + (y   25
6
)2 = 82
(10.9)
??, ?? P 2P2????
150y =  527 (10.10)
???. 2?? P0P2, P 2P2 ???? P2???, (10.8) (10.10)?? P2(56=25; 527=150)
????????????.
?????, ? Pi (i = 3; 4;    )????????????????????????.
Pi 2
Pi 1
PiO
 
Pi 3
Pi 4
?? Pi 2Pi
?? Pi 4Pi
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?  ?????, ? Pi 1???, ??? 5??????????, ?? Pi 2Pi?????
????. ??, ?  ?????, ? Pi 2???, ??? 8??????????, ??
Pi 4Pi?????????. ?????????????????, ??Pi??????
?.
??? 10.11????????????????, ??????????.
 ????????????????, ????????????????.
 ??? 2??? 2??????????????????, 2??????????
???????????????.
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?????????
??, ??????????. ? I???, ????????????. A.K.Lenstra, et
al.([15])??? LLL??????????, ?????????, ??????????
?, ??????????????????????????????????????.
??, ????????????? 0?????????, ?????????????
???????. ????????????, ??????????????, ????
?????????????, ??????????????. ???????????
????, ?????, ???????????????. ????????????, ?
?????????????????????. ???????????, ??????
?, ????????????????????????. ?????, ???????
??, ??????????????????, ??????????????.
? II???, ???????????????. ????, ?????????, ???
???????????, ????????????????. ??????, ?????
?, ??????????????, ?????????????. ??, ???????
?????????????????????????????, ??????????
?????????????. ????????????????????, ?? 10.4?
???, ????????????, ???????????????????????
?????????, ???????????????????. ??, ???????
???????????????????, ?? 10.9????, ???????????
????????. ???????????????????????????????
????,???????????????????????????????????.
??????????, ???????????????????????, ????
?????????????????. ???, ????????????, ?????
????????????, ??, ???????????????????. ??, ??
????????????????, ???????, ??, ?????????????
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?????????????, ??????????????????????????
???????. ??, ????????????????????????, ????
?????????????????????????????, ??????????
??????????????. ????, ????????????????????,
???????????????, ?????????????????????. ??
?????????????????????, ??????????????????
???.
??, ????????????. ??????, ??????Q(p 1)??????
??, ?????????????????????????, ???????????,
?????????????????????, ??????????????????
??????. Q(pm);m < 0?m??????????, ?????????????
???, ????????????????????. ??, ????????????
???????????. ?????????, ??????????????????
?????.
??, ???????????????????, ????????????????
?, ?????????????????????????????????????.
???????, ???????????????????. ????????????
????, ????????????, ????????????, ??????????
?????????????.
????????, ??????????????????????, ???????
?????, ??????????????????????????????????
???. ?????, ??????????????????????????????
???????????????.
??, ? II?????, ????, ?????????, ??????????????
???????????????????. ???????, ??????, ?????
?????, ???????, ??????????, ?????????, ??????
??????. ???????????????, ?????????????????.
????????, ???????????????, ???????????, ???
?????????, ???????????. ???????, ??????????
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?????????????????????. ???, ??????????????
??????, ???????????????????????????????. ?
?, ???, ??????????????????????????????????
??????, ?????????????????, ???????????????
?. ??????, ??????????????, ????????????????
?????????. ???????, ???????????, ??????????
????, ?????????????????????????.
????????????????????, ?????????????? 1???
????, ????, ?????????????????????. ??, ??????
???, ???????????????.
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??
???????, ???, ???????????, ????????????? (??
????), 2??????????????????? (??????, ? ??????)
????, ????????????? (??????), ?????? (??????), ?
?, ????????????????, ?????????????? (??????),
?????? (??????), ??????? (??????)????????????
?. ??, ?????????????????????, ????????? (? ???
???), ?????????, ???????????????????????, ??
?????? (??????)?????????????.
????????, ?????????????????????????, ????
????????????????????, ???????.
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